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Chapter 8: Non-Relativistic Limit

In the previous chapter, a relativistic version of Bohm’s model incorporating energy and
momentum conservation has been successfully formulated. The task now is to take the
non-relativistic limit of that formalism. This will provide us with a mathematical

description which incorporates conservation into Bohm’s original model.

In the relativistic case, the symmetry between space and time made it sufficient to
consider a single tensor expression T (u,v = 0,1,2,3). However, in dealing with the non-
relativistic limit, we must obtain separate expressions for each of the tensor components
T, T T and T (i,j = 1,2,3). Separate expressions must then be evaluated for the
divergence of the TV and T together in the first instance and T" and T* together in the

second instance. This lengthens the analysis somewhat.

In taking the non-relativistic approximation, it will also be found that some subtleties
have to be taken into account. These will be illustrated by focussing our attention initially

on the energy-momentum tensor of the particle.

8.1 Non-Relativistic Energy-Momentum Tensor for the Particle

8.1.1 Physical Interpretation of T" particie

From equation [7-19], the relativistic expression for the particle’s energy-momentum
tensor is:

T

particle

= pMu*u” [8-1]
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In what follows, it needs to be kept in mind that the 4-velocity u" is defined to be dx,"/dr,
where x¢"(7) is the particle’s position at proper time T. Note that u* is a function of T
whereas, in the non-relativistic limit, the 3-velocity vl = dxo/dt is a function of the
ordinary time t. Now, at first sight it would seem to be straightforward to take the non-
relativistic limit of expression [8-1]. The rest density po will become simply the density
p:

Po— p [8-2]
and de Broglie’s variable mass M will reduce to the constant mass m:

M —m [8-3]
Furthermore, since the proper time T will become simply the ordinary time t:

Tt [8-4]
the 4-velocity u" will reduce to 3-velocity for u = 1,2,3:

dxy _, dx - i
dr 7 dt (i=1,2,3) [8-5]
and will reduce to the constant ¢ for i = 0:

dx) : 0_ -
G ¢ (since x~ = ct) [8-6]

Using the above limits then leads to the following result (with the expressions for T, T,

T% and T% written out separately):

Tijparticle = PmViVj (Vi = d_to) [8-73]
0 _ i _ i

T particle — T =pmvec [8-7Db]

T% articte = pmc” [8-7¢c]

Examination of these expressions, however, raises two problems. First, factors of ¢ are

still present, even though the expressions are meant to be non-relativistic. Second,
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looking at the energy density term T* in [8-7c], we see that the particle’s rest energy mc?
has been retained in taking the above limit, while its kinetic energy has been lost. This is
not in keeping with the standard non-relativistic notion that the rest energy is a constant
which plays no role and can be ignored (even though it is usually larger than the kinetic
energy). To resolve these matters, a more careful analysis will now be given which

focuses on the physical interpretation of the initial expression [8-1].

As stated in [6-3a] to [6-3c], the various terms in T"" puicie describe densities and currents

of both momentum and energy. In particular, using the relationship:

pou’=p-=u” (from [7 —12])
u
_, dr dx
dt dt
dxy
dt
[8-8]
plus the 4-momentum definition:
p"=Mu" [8-9]
the relativistic expression [8-1] can be written as:
v dxg
i =P P g [8-10]

Then, writing out the spatial and temporal components of this separately, we have:

T =P PV’ [8-11a]
Tooice =P P € [8-11D]
Towice =D P V' [8-11c]
Toarice =D’ P © [8-11d]
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Now, p in these expressions indicates a density and pVi indicates a current. Hence, noting
that p' is the particle’s relativistic 3-momentum and p’c is its relativistic energy, we can

identify pip as the momentum density of the particle, pipvj as momentum current, etc.,

and obtain:

Tijpamcle = momentum current [8-12a]
Tiopamcle = momentum density X ¢ [8-12b]
Tinanicle = energy current + ¢ [8-12c]
Toopamcle = energy density [8-12d]

Note that, despite the fact that the terms T and T refer to two different physical
quantities, viz. momentum density and energy current, the tensor is nevertheless
symmetric: T = T, This is because, in the relativistic domain, momentum density and

energy current are equal apart from a constant factor.

At this point we will consider the special case of a free particle with constant momentum
and energy, so that the following divergence equation holds:
9, Thiice =0 [8-13]

particle

Breaking this up into separate spatial and temporal terms, we have:

aj Tpi)janicle + a0 Tpi)gnicle =0 [8-143]
9 ngnicle +0, ng?nicle =0 [8-14b]

Now, inserting expressions [8-12] into equations [8-14], we note that all factors of c

cancel and we obtain:
dj(momentum current) + d(momentum density) = 0 [8-15a]

dj(energy current) + di(energy density) =0 [8-15b]
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These two equations can be recognized as equations of continuity describing momentum
and energy conservation. Examining [8-12] and [8-15] highlights the basic physical
meaning of the energy-momentum tensor and its divergence. This essence should be
maintained in going to the non-relativistic limit. In other words, the non-relativistic

formalism for a free particle:

aj Tpi)janicle + at Tpi)gnicle =0 [8-163]
aj TSjmcle +9, T;)a?rticle =0 [8-16b]

should still have the interpretation presented in equations [8-15]. This fact will be used to

obtain the correct non-relativistic form for T* jasice-

Now, the non-relativistic momentum and energy of a particle are mv and E, respectively.
(Here, E is the particle’s total non-relativistic energy, i.e., the sum of the kinetic and
potential energies'). Incorporating this extra detail into equations [8-15], we obtain:

oi(mv' pvl) + 9(mv' p) = 0 [8-17a]
O(E pv)) + o(E p) =0 [8-17b]

Comparing [8-16] with [8-17] then yields the results:

TV article = MV' pV/ [8-18a]
Tioparticle = my' p [8-18b]
T% particle = E pv' [8-18c]
T partictle = E p [8-18d]

These expressions do not suffer from the two problems mentioned earlier, i.e., there are

no longer any factors of ¢ present” and the rest energy mc” has been eliminated in favour

! The reason for specifying the total energy here, rather than just the kinetic energy, will become clear in
the next section.
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of kinetic plus potential energy. On the other hand, the symmetry T'° = T% has been lost.
It is important to note the source of this non-symmetry. Essentially it is due to the fact
that neglecting rest energy ends the similarity between momentum density and energy
current that had existed in the relativistic domain. Now that we have a physical
explanation for the lack of symmetry, the objection raised towards the end in chapter 6
has lost its efficacy’ and expressions [8-18] can be adopted as the appropriate non-

relativistic form for T parice.

8.1.2 Rules for obtaining the Non-Relativistic Limit

A systematic procedure for obtaining [8-18] can be summarized by the three rules set out
below. This will be helpful later in considering the cases of T"Vfag and T ineraction-
Starting with the relativistic expressions for Tij, TiO, T% and T, the rules are as follows:
1. Remove terms containing mc® from T” and T®. (To keep the overall
divergence zero, it may also be necessary to remove any term whose divergence
would previously have cancelled with that of a deleted mc” term.)
2. Divide T by ¢ and multiply T" by ¢ (to remove redundant factors of ¢ from
these two expressions).

3. Take the non-relativistic limit ¢ — oo.

2 Note that the various factors of ¢ appearing in the relativistic case are needed to ensure that all the
components of T"" have the same dimensions (i.e., units of energy density) and thereby ensure that time
and space remain on an equal footing. This symmetry between time and space components is not necessary
in the non-relativistic case.

3 1t was also mentioned near the beginning of chapter 6 that symmetry of the energy-momentum tensor is
required for conservation of angular momentum in the relativistic case. For the non-relativistic realm, it
turns out that angular momentum conservation is related to the symmetry of a different tensor, namely the
“mass-momentum” tensor. This alternative tensor continues to satisfy T = T% but its divergence describes
conservation of mass and momentum (instead of energy and momentum). The non-relativistic mass-
momentum tensor for a particle has the form: TV = pmv'v!, T = T% = pmv/, T% = pm.
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The motivation for Rule 1 has already been discussed. Rule 2 can be obtained by
returning to [7-20]:

dp“

a Tpamcle pO dT

and breaking this relativistic equation up into separate spatial and temporal terms:

d i
a Tpartlcle + a0 partlcle =Po dl?c [8- 1 93]
a Tpartlcle + a Tpamcle = % ((11_]3 [8-19b]

Noting the factors of ¢ contained in the derivatives dy = d/d(ct), these equations can then

be written as

i i d :
a ijartlcle + at (% Tpgrticle) = pO d_l,)c [8'203]
a (C Tpamcle) + a Tpamcle pO ((11E [8-20b]

Now, in contrast to this relativistic case, the non-relativistic version should be:

dp'

a Tpamcle+ a Tpamcle p dt [8-213]
a T;?;mcle a Tpamcle p %}E [8-21b]

Comparing equations [8-20] with [8-21] term by term, it is then seen that Rule 2 is

necessary for the correct non-relativistic limit to be obtained.

The three rules above can be summarized in equation form as follows:

Toon e = Jim T2, [8-22a]
Toonra = Jim (T + ©) [8-22D]
Toonra = Jim { [ Tiq — (mc? terms) ] X ¢ } [8-22¢]
T .= lim [ TY — (mc? terms) ] [8-22d]
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A more formal derivation of the non-relativistic form for T" el 1S given in the next

section using the rules stated above.

8.1.3 Derivation of T"" particie

The non-relativistic expressions [8-18] will be derived here from the corresponding
relativistic expression [8-1]:

T

particle

= p,Mutu”
o, v 9X dxi
4t dr

[8-23]

by using the three rules formulated in the previous section. We begin by using equation
[8-8]:

dx®
b= 220
p() u p dt

to rewrite expression [8-23] as:

dx}y dxg
™. = —20 720
particle p dt dT
dxt dxy gt
dt dt dt

[8-24]

Now, in formulating the non-relativistic limit, the following binomial expansion will be

useful®:

da__ 1

drt 1 _ \C/_j
=1+%‘C’—j+%‘c’—j+...

[8-25]
Inserting this into [8-24] and presenting the expressions for TY, T, T and T* separately,

we have:
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Tpamcle p M V VJ [ 1+ 7_ + . ]

o = i 1 v?
Tp(z)lrticle_pMV C[1+7?+]
T;())ziu'ticle P Mc V [ 1 + S _|_ ]

2

vaszcq1+%§+m]

particle

which will be written more conveniently here in the form:

Tpamcle Y M V VJ [ 1+ 7_ +. ] [8-263]
Tpamcle Y M V Y [ 1 + N2 + ] [8-26b]

pamcle =pP< C [ MC + ;MV +. ] [8-26C]
Tﬁmk=p[kk2+%hhﬂ+u.] [8-26d]

To proceed further, we refer back to [7-7]:

Q

M=m-+ -
C
which allows us to rewrite our equations as:

Tpamcle p M V VJ [ 1+ 7_ + . ]

T i0
particle

. 2
:prcu+%%+m]

Toie =P & [Me> +Q+ MV + .. ]

00

Tparlicle =p [ mCZ + Q + %MV2 + .. ]
Now, applying Rule 1, i.e., deleting terms containing the rest energy mc” from the energy

current expression T” and the energy density expression T*, we obtain:

1VJr

Tpamcle p Mvivi[l+ 2% e ]

*See, e.g., pp. 67 and 85 in Rindler W., Special Relativity, 2" Ed., Oliver and Boyd, Edinburgh (1969).
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Tpamcle p M V C [ 1 + =Y _|_ ]
T]?;rlicle = p % [ Q + %1\/{\/2 + ... ]

TOO

particle

=p[Q+ MV + .. ]

(The deletion of mc? from Tinarticle can be shown to balance its deletion from Toopamcle, SO

that the overall divergence remains zero. This will be verified later when the total

divergence is evaluated in detail.) Proceeding on, we divide T' by ¢ and multiply T" by ¢

in accordance with Rule 2, which yields:

T! pMVVJ[1+——+ ]

2¢

particle —

TO —oMvi[1+1Y 4+ ]

2 ¢?

particle —

Tpamcle p V [ Q + lMV +. ]

Tpamcle p [ Q + IMV +. ]

Finally, we take the non-relativistic limit ¢ — o in accordance with Rule 3. This also

requires using the result [8-3] plus the following known limit’:
(de Broglie’s relativistic Q) — (Bohm’s non-relativistic Q)
The expressions resulting from this step are:
T et = pmV'V!
T]igrticle = pmv'

Tpuricte = PV' [ mv? + Q]

00

T particle — p [2mV + Q]

1e.,

> See p. 121 in: L. de Broglie, Nonlinear Wave Mechanics, Elsevier, Amsterdam (1960).
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ij — i i
Tparlicle = pmv V!

i0 _ i
Tparticle = pmv
0i _ i
Tparticle =pv E

00 _
Tparticle - pE

where E = smv” + Q. These equations are then seen to be expressions [8-18] as required.

Note that the reason for the lack of symmetry of T“Vpamcle in the non-relativistic case can
be seen clearly by looking at equations [8-26]. In applying our rules to the components
T and T”, we keep the first order term but drop the second order one in T', whereas in
contrast we keep the second order term but drop the first order one in T”. Not

surprisingly, this reversal results in the two expressions becoming different.

We are now in a position to find the appropriate non-relativistic expressions for T g

\Y
and TP- interaction-

8.2 Non-Relativistic Energy-Momentum Tensor for the Field

A possible form for the Schrodinger T"Vfq has already been derived in Appendix 4 using

the standard formula [6-23]:

d

= — 2" ] Qg
a(avw ) g ] field

THV = u a My *
field [a ll’ a(avw) + a W

but it is necessary here to determine whether that result is in agreement with the non-

relativistic limit of the Klein-Gordon expression [7-35]:

Thia= 1 {@%0)(0'07) + (0%0)@°) — £ [(3,6)0"9) — ()" o0} [8-29]
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To take this limit for comparison, we need to know the relationship between the Klein-
Gordon wavefunction ¢ and the Schrodinger wavefunction . This relationship, which is
a standard formula of quantum mechanics®, is as follows:

0 =y e (< = ct) [8-30]

Inserting [8-30] in [8-29] yields

4 2 . . . .
Thia = 5 { @Tye ™)) @"[y"er™ ] + @y er™"]) (" [ye s™])
— g @,[weh™"]) @' Tye i) + g (B y'y }

and employing the identities [5-19]:
ox"/ox, = g"
ox"/ox" =&,

we then obtain;

T, = 204 @) @) + gy (- ME) gon (IME) o
@) w7 () gty (- 1) g @y
') @)+ 'y (9 g (- 1) g™
F@"Y) (- G g 4yt () g (@)
g [@,) @) +yy (09 &) (- 1me) g
F @) v (19 g% 4y () ) @) |
GO RAT

12
= gm L@ @)+ @) @)+ 2 (5 g% g yy'
T e (T Y -y o'y ) + g (v oy -y o'y
— g™ [ @) (@"y) + ﬂnc (v 3 —y'w) ]}

%See, e.g., p. 7 in Greiner W., Relativistic Quantum Mechanics — Wave Equations, 2™ Ed., Springer, Berlin
(1997).
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12
= B L@ @) + @) @'W) T+ me g g yy
+C gy 'y -y 'y ) + g (v Ay -y ) ]

42 oy
—g" [ 5= (0y") @) + 58 (w' o'y —y 'y ]
[8-31]

To proceed towards the non-relativistic approximation, we now apply Rule 1 and delete the
mc” term from this expression. In doing so, it is necessary to keep the overall divergence of
the energy-momentum tensor zero. This means it is also necessary here to remove the term
that would previously have cancelled with the deleted mc” term. It is not difficult to identify
this term, as follows. The divergence (dy) of the mc” term would have given a result of the
form:

me’ g™ 0'(yy*)
i.e., a term containing the factor g™. This could cancel only with another term containing
¢"". Hence, looking at [8-31], we deduce that it is the term:

(ihe/2) g™ (y* 9"y -y 0"y¥)
that should also be deleted. (This conclusion will be verified more rigorously later by
calculating the divergence in full.) On the above basis, [8-31] reduces to:
T8, =l [ @) @) + @) @'w) 1+ gn (y aty —y 3ty

42 .
~ 8" [ 0¥ (@"W) + 155 (v" 'y —y 9y ) ]
[8-32]

Continuing on, the relativistic limit is obtained by taking the speed of light to be essentially
infinite. In taking this limit, we will need to consider the Tij, TiO, T% and T cases

separately.
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8.2.1 Non-Relativistic Teyq

For this case, [8-32] yields

Th = [(8 w) @'y + @'y (@y) ] +0
—g”[ {(akw)(aw)+(aow)(aw)}+m"(w 0"y —ya'y") ]

(where k = 1,2,3). Switching from x° to ct, this becomes

Tha= 2 [ (a‘w) @)+ @) (ajw) ]
g [ £ @) @) + 5 Q) Q)+ B (w dw—waw) ]

and taking the limit ¢ — oo, our Schrodinger expression for T" is found to be

Tha= 2 [@'w) @) + @) @) 1~ £ [ 4 @) @) + B (v o~y ) ]
[8-33]

8.2.2 Non-Relativistic T

Inserting 1L =1, v = 0 into [8-32], we obtain

Tia = [(aw)(BOW*)+(8‘l|f*) @ llf)]+Inc (v o'y —yay")-0
=2—mc[(aw)(atw)+(8w)(8tw)]+%(w Ay —y 'y

Dividing through by c in accordance with Rule 2, this becomes:
Thua =5, L @W) QW) + @) QW) 1+ 5 (v o'y -y ay)
and taking the limit ¢ — oo, the Schrodinger expression for T is then found to be:

Tita =Ty o'y -y 'y) [8-34]

8.2.3 Non-Relativistic T

Inserting i = 0, v =1 into [8-32], we obtain
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Tl =10 [ @) @) + @) @) 1+0-0
= [ Q) @) + Q) @) ]
Multiplying through by c in accordance with Rule 2, then gives:
o= 1 [ @) Q) + @) 0w ] [8-35]
This is our Schrodinger expression for TOiﬁeld, since there are no factors of ¢ remaining to

require the limit ¢ — oo to be taken.

8.2.4 Non-Relativistic T4
Inserting i = 0 and v = 0 into [8-32], we obtain:
T =B 1@ @) + @) @) 1+ 88 (v 9wty
- % @) @) -1 (" 0y — y 3'y)
B @) @) - 0 @)
- 0w @) - ) @)+ 0w Q) }
and taking the limit ¢ — oo, the Schrodinger expression for T is found to be:

Tihe=— A @) (") [8-36]

8.2.5 Overall Non-Relativistic Result for T"seiq

Gathering together expressions [8-33] to [8-36], our non-relativistic form for T" g is:

This =5 [ QW) @) + @) QW) 1 - 2" [ 3 Q) @W) + 2 (v dy —w dy) |

[8-37a]
Tiow =5 (v 2y~ y 9y [8-37b]
o= [ @) Q) + @) @) | [8-37c]
%=1 @) @) [8-37d]
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Comparison with Appendix 4 then shows that the two different derivations have yielded the

same result.

8.3 Non-Relativistic Energy-Momentum Tensor - Interaction Component

The non-relativistic form for T" | eraction Will now be derived. From equation [7-42], the

relativistic expression is

o c@9)@9)p,

interaction (a aS) (aas)

This expression can be written in terms of the Klein-Gordon wavefunction ¢ and its

[8-38]

complex conjugate ¢*, instead of in terms of the phase S, by using [7-38]:

95— ih 90 9o, [8-39]

It will be more convenient, however, to proceed by first re-expressing [8-39] in terms of the

Schrodinger wavefunction , using the relationship [8-30] that connects ¢ and y:

b=y e (x"=ct)
Inserting this relationship into [8-39] yields

9 [we i™] 9, [y’ei™]

a S=- % { We—imcxo lll”‘elmcx0
h h

u

and employing the identities [5-19], this becomes:

.9 . dv
BHSZ—%{ \HV\II_H‘ECSEL_ :!W _1{rr11c83}

ih O 0V
AT "

This result will now be inserted into equation [8-38] so that we obtain Ty craction €Xpressed

directly in terms of :
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. ap_w* ”\.|I . avw* V\.lf
[B ———D)-meg” ][5 (——-—)-mcg”]p
R A 2y oy ’ [8-40]

mteractlon ¢ [ % ( aa * a u_lll a (X_\ll* (04

)-medy ][
v 2y
We will now focus briefly on just the denominator of this expression, which can be

v
- —)-mcg"]
v

rewritten as follows:

v —ﬂ)—mcgo‘“]

) 50][1“(

0 OW AW 9y oy .y Ay
= — — —1nmc — — + mc
\/ ER TR AT TR

h Voo, 0% 'y gy Ay Ay
- e IRt oY G o 1
\/ e ( VEARTEREVERS TR

Since the square root in this result will appear frequently in the rest of the present section,

we will represent it using the letter K as follows:

1 [8-41]

* a\.lf auw* aaw lh a()w* a()w
(“)( Y e . 1 -anE oL
\/ 2m v Gy ) Tme )

Note that the non-relativistic limit of K is simply:
K—>1 [8-42]

Returning to [8-40], the expression for T crction can now be written more simply as:

. apw* !_l‘ll . a\/w* V‘II
Tllll:t/eractlon_ _K & * —mc on & PR —mc o
LS e g][2<w ) mee” 1p,
K. now d av A ih OV 'y
R G G D me B )
. auw* au
_mcﬂ W4 m2e2 g o\/]
2 Oy w)g g g™ 1po
p oo oty oyt 9 v
= K[- RSN EE ll’)——(—— =) g
vy Ty v [8-43]
. auw* auw
_ ¢ —_— = 0V+Il'lC2 ou Ov
> v W)g 1Po
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We now apply Rule 1 and delete the mc? term from this expression. As in the case of T fieq
earlier, it is also necessary here to remove the term that would previously have cancelled
with the deleted mc” term (in order to keep the overall divergence of the energy-momentum
tensor zero). In order to identify this term, we note that the divergence (d,) of the mc” term
would have given a result of the form:

—~ mc® g 3'(Kpo)
i.e., a term containing the factor g”*. This can cancel only with another term containing g’

Hence, looking at [8-43], we must also delete the term:

(Again, this conclusion will be confirmed later when the full divergence is calculated.)
With these two deletions, [8-43] reduces to:

. 0ot oty o dw. . My 9
Tillllteraction: -K [ - ( \l*[ - pIII) ( \l*l — "II) _ e _\l*l — _p\"]) gOV
amtytoy Tyt oy 2 Ny

1po [8-44]

The relativistic approximation will now be obtained by taking the limit ¢ — oo. In taking

this limit, we will need to consider the Tij, TiO, T% and T cases separately.

8.3.1 Non-Relativistic T eraction
For this case, [8-44] yields:

| ' oy, dy’ dy
Til;'neraction: -K[- n_ s T ) 0
[ ( v ) ( v v )—01po

and taking the non-relativistic limit via [8-2] and [8-42], we obtain:

. EI LA | dy* o
Tilljneraction: 4{1_1'1'1 (W_\I{ - T\II) (T\I{ - T\II) p [8_45]
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8.3.2 Non-Relativistic T eraction
Inserting i =1, v = 0 into [8-44], we have:

h2 aiw* al\|l a()w* a()\ll) _@ (aiw* alw

Tiil?teraction:_K [ - ( PR )( PR PR )]
'y Ty Ty Ty 2 Ny Ty P
2yt Ay dwt AW e v
= K[ (S8 S S e S SH p)

ame byt oy Tyt oyl 2y oy

Dividing through by ¢ in accordance with Rule 2, this becomes:

. 02 0 vy oy, i dy dy
Till(l)eraction:_K[_ n ( * __) (t_*_t_)_m(_*__)]p
t 4me? Tyt oy Tyt oyl 2yt oy T

and taking the limit ¢ — oo then yields:

oy

W)P

i, %
T _ih OV
interaction 7 ( W* -

8.3.3 Non-Relativistic T teraction
Inserting i = 0, v =1 into [8-44], we obtain:

. .2 a()\ll* a()\ll ai\ll* al\|l
Tionlteraction =— K - n_ PR ) 0
i GO G0

Multiplying through by c in accordance with Rule 1 then gives:

. L2 a \I]* a \I] ai\ll*
Tionlteraction =-K [ - n_ (t_* -— ) ( *
amtyt oy y

ai
- VW) ] Po
and taking the non-relativistic limit via [8-2] and [8-42] then yields:

i Woow Ay ow 9
Ti(r)lteraction =3 (_\'{ - t_\V) (_\‘1 - _W) ] p
v v v

8.3.4 Non-Relativistic T%,eraction

Inserting L = 0 and v = 0 into [8-44], we obtain:
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Iy" 'y Ay Ay e 0y Ay
Tl(l)l(zeractlon_iK[ ( )( 7E % )]
am vy Y 2yt Ty P
_ A ACAUNPCA atw oy
TR e G v P

and taking the non-relativistic limit ¢ — oo, together with [8-2] and [8-42], then yields:

J,
Ti(|)1(:eractlon_ A (_ - T\ll) ] p [8-48]

8.3.5 Overall Non-Relativistic Result for T ineraction

Gathering together expressions [8-45] to [8-48], our non-relativistic form for " icraction 1S:

Tiiljﬂeraction: 4h_m (T - 7) ( \I]* - 7) p [8‘493]

Tiir?teraction: % a\u—\‘: - BTW) p [8'49b]
' .2 at * at ai * ai

Ti(l)neraction = 4n_m (\V_\Ii - Vw) (\Ij_\li - TW) ] p [8‘490]

Ttesction= 2 BT"’ - a‘v"’) 1p [8-49d]

8.4 Divergence and Conservation

The final task in this chapter is to check explicitly that the overall divergence of the non-
relativistic energy-momentum tensor for the particle-field system is zero and thereby

confirm that energy and momentum are conserved. Towards this end, the divergences of

T fetd » T particte and T jyieraction Will be evaluated separately.
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8.4.1 Divergence of T"fei

There are two distinct parts to the divergence of the non-relativistic T*'f¢q , corresponding
to the cases L =1 ( = 1,2,3) and u = 0, respectively. For the first of these, we have (using
expressions [8-37]):
J; Tiaa + 0, Thaa = J; { m [ (aillf) (ajllf*) + (aillf*) (ajW) ]
12 .y
~g' [ 5= QW) @' + 5 (v dy -y o) ]}

o (D oy -yay )

n—m [(@0'y) (0'y") + (@'y) (99'w") + (@0'y") (W) + (@'y") (30'W) ]
- m [ (29" (9"W) + (By") (0'0"y) ]

i [ @y) Q) + v’ @) - QW) Q) —v 09w ]
+ % [ Q") (@) + Wy (00'W) — (@) @y -y (00'y") ]

=2n—[(8w)(8ajw)+(aw)(Bajw)]+m[(aw)(atw) CASICAN

=0V [4= @2 - D @ 1+ @) [ 4 02y) + B @)
[8-50]

This can be simplified further by using the field equation corresponding to our

Lagrangian density, i.e., by using the extended Schrodinger equation [5-21]:

o9y~ ihdy =~ it {V.(p ) + 3 ) [8-51]

Inserting [8-51] and its complex conjugate into [8-50], yields:

aTgeld+a Tﬁeld (8\|!){V(p )+atp}+ (aw){V(p )+atp}

=%[W(aw)——(aw)]{v(p 2)+0p}

and using the identity [5-14]:
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we then obtain:

ajTgeld+a Tf'eld:_(as){v(p )+atp}
i 9'S
=(98) {9i(p7) — 9 } [8-52]
We now turn to the second part of the divergence of T 514 (corresponding to i = 0). Using

expressions [8-37], we have:
. . 1 2
9, Tl + 3, T =9, 14 [ @) Q) + @) QW) 1} + 3. [ 12 0,9") @) ]

=1 [ @0') Q)+ @) @) + @) Q) + @) @) ]
I 100w @)+ Q) 00 ]

[ @0'w) Q")+ (@0°w") Q) ]

n_
2m
Using the field equation [8-51] and its complex conjugate, this can be re-expressed as:

a Tf'eld +9, Tf'eld [ ihdy —

)+8tp}]8t\|f
+[- matw+ {V(p S)+ 9,0} 9y

=5 Ly @w) — O 1L V-0 3) +0p )
and, using the identity [5-14] again, we obtain:

a Tf'eld +9, Tf'eld —(0S) { V. (p ) +0p }
'S
=(98) { 9i(p7x) — 9 } [8-53]

8.4.2 Divergence of T" particie

As with T"g.q4, there are two distinct parts to the divergence of the non-relativistic

T“Vpamcle, corresponding to the cases p = 1,2,3 and p = 0, respectively. In evaluating these
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two parts, it is necessary to keep in mind the following functional dependencies in the non-

relativistic domain:

Xo = Xo(t) # Xo(X) [8-54a]
v =v(t) # v(x) [8-54b]
p = plx — Xo(t)] = p[xo(t) — x] [8-54c]

Using equations [8-18], the first part of the divergence is:

0T e+ 0T

j * particle particle = aj (mVi ij) + at (mVi p)
=mv'v! 9,p + md(v'p) [since v' # vi(x)]

= mv'v! % +mp dv +mv'idp

— uivi aVi ap ox;,
op ' ap
mVVJ?-I-mpE-i-mV X \&
dv
P

and referring back to [5-4], this can then be written as:
a Tpamcle + a Tpamcle p a‘Q [8-55]

where Q is Bohm’s non-relativistic quantum potential.

The second part of the divergence is:
a Tpamcle + a Tpamcle = aj (E ij) + at (E p)

=pvi o E+Evidp+pdE+EJdp

ap ap ox},
—pvJaE+EvJa +paE+Ea 5t
o : dp dxj
=pv 0E+EvV (- )+ 8E+Eaxg) &
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9
aXJ

= pvi 9,E — Ev! aap +pdE+EL
=pvidE+poE

=pv! 0;(amv* + Q) + p 9,(omv’ + Q)
=pVv’ an +pa(- 1/2mVjVj) +padQ

=pv'oQ+p - dv aav amviv)) +p 9,Q

=pvioQ— pm l/z(guvl+ &) +poQ

=pvioQ- pvm%Vt +p9Q

Using [5-4], this can then be written as:
a T + a Tpamcle ij a]Q - pVi a‘Q + p atQ

particle
Yo [8-56]
8.4.3 Divergence of T" interaction

From [8-49], our non-relativistic form for " eraction 18:

n? oyt o'y BJ oy

Tiiljneraction: n_ T _) ( _)
1 PRV
Til?teraction: % _\E - _W) p
v v

42 * ik i
0i _ t
Tinlteraction - ( w ) (_* - _) ] P

00 _ i
Tmteractlon_ 7 T _) ] Y

and, using the identity [5-14], these expressions can be written more simply as:

i i
Tiirjlteraction == (aLngaS) P [8-5 73.]
Tmteracuon = (a S) p [8-57b]
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Tion]teraction - @LHEBS) P [8-57C]
Tmteractlon = (a S) p [8'57(1]
As with T"geq and T panicle, there are two distinct parts to the divergence of the non-

relativistic T jyeraction- Employing expressions [8-57], the first part is:

9 Tieraiion + 9 Tintracion = 93 [ — w pl1+0.[(@S)p]
@) (0D —apy - DDIOD L @)
@) (0D —apy - DDIOD L sas)
@) (90 apypa 90D )

and, using [5-13], this can be written in terms of the quantum potential Q as:
ij d'S i
aj'I‘imeraction a Tmteractlon (a S) { a (p m ) atp } p a Q [8-58]

Similarly, the second part of the divergence is:

]
ajTi(r);iteraction + atTi(r)x(t)eraction = aj [ M p ] + a [ (a S) p ]
'S 9'S) 9.(9,S
== (08 { d(pm) — 9P } — % p+pad(dsS)
'S 9'S) 0,(0:S
=—0S) {9{(pm)—9p } — % p+pad(dsS)

@) @)

2m

'S
=—(0S) { 9(p) — 9P } —p o[ —(08)]

and using [5-13] again, this can be expressed more simply in terms of the potential Q, as

follows:

ig

ajTi?ljteraction + atTlel(t)eractlon (a S) { a (p am ) atp } p atQ [8-59]
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8.4.4 Divergence of T"al
From equation [7-31] we have

u  _ puv Y Y
Ttotal - Tﬁeld + T + T

particle interaction

The divergence of this overall energy-momentum tensor can now be obtained by
combining the various results obtained above. As usual, the divergence will be written in

two parts. First, using [8-52], [8-55] and [8-58], we have:

; . 0
a Ttital + a Ttotal { a Tﬁeld + a Tﬁeld } { a Tpamcle + a Tpamcle } + { a jTilljlteraction + at'I‘ilnteraction }

: 8JS i i aJS i
= {(a‘S) {9i(pm) — atp}} + {p d Q} + {— (0'S) {9i(p) —9p} —p o Q}
which cancels to:

a Ttotal + a Ttotal [8-60]

Second, using [8-53], [8-56] and [8-59], we have:

0j 0j 00
a Ttotal + a Ttotal { a Tf'eld + a Tﬁeld } { a Tpartlcle + a Tpartlcle } + { aj’-[‘interaclion + atTinteraclion }

9's 'S
= {(&S) 9i(pm) — 8tp}} +{poQ}+ {— (0.8) {9;(p) —9p} —p atQ}
which cancels to:

9T + 0, T = 0 [8-61]

Equations [8-60] and [8-61] are the desired results for energy and momentum
conservation. (The divergence calculations above also serve as a useful double-check on

our derivations of the non-relativistic expressions for T"gicia, T particle and T interaction-)

Therefore, from the viewpoint of conservation, a satisfactory non-relativistic model has

been achieved.
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8.5 Simplifications in the Bohmian Case

Some additional discussion is now needed to highlight the simplifications which occur in
the above equations in the main case of interest. It will be helpful here to restate the three

divergence results of Sec. 8.4 for further examination:

a’S
9; Teau + 0, Traa = (3:8) { () — 9 } [8-53]
a Tpamcle a pamcle =p a Q [8-55]
i 'S
ajTifxteraction + a Tmteractlon (a S) { a (p m ) atp } p a Q [8_58]

In developing our Lagrangian formulation, it was necessary to suspend the Bohmian
restriction p = VS on the velocity of the particle. This meant we were actually
considering a wide class of models, all of which satisty the conservation laws for energy
and momentum, but most of which need not be in agreement with the predictions of
quantum theory. These models all satisfy the three divergence equations above. Note that,
in general, the three different divergences (for T paricles T fietd @nd T interaction) are all
non-zero so that, for example, energy and momentum are being exchanged between the

particle and the field.

Eventually, however, it is necessary to restore the restriction p = VS in order to return to
Bohm’s model and agreement with experiment. This limits us to one particular model
within the class considered. Since the whole class of models satisfies the energy and
momentum conservation laws, the special model now singled out will do so as well. (The
restriction is just an extra constraint which does not conflict with the earlier

considerations in any way.) However, the assumption of no creation or annihilation of
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particles, in conjunction with p = VS, simplifies the above divergence equations

significantly, so that they become:

aj Tf('l)ild +0, Tf('l)gld =0 [8-62]
ajTIiJjarticle + atTIiJgrticle = p a‘Q [8_63]
a jTii;ineraction + atTiir?teraction: —-p a]Q [8_64]

In other words, in the special case of the Bohmian model singled out, the general
relationship:

9, Thia + 0, T

interaction

+9, T, .= 0 [8-65]

particle

reduces to the two separate relationships:

dy Thaa=0 [8-66]
and
av Titllreractiondl_ av Tp})tavrticle = 0 [8-67]

so that the formalism becomes somewhat less elegant in the Bohmian case’. This break-
up into equations [8-66] and [8-67] is a necessary consequence of having a source-free
wave equation. It tends, however, to disguise the fact that conservation is present, with
the relationship [8-66] being particularly misleading in this regard. The apparent
difficulty posed by this equation, as highlighted in the discussions of Sec. 6.4, has
nevertheless been resolved by the necessary existence of the term T"iyeraction, to Which

we have been led by examining Noether’s theorem.

7 An additional simplification is that the independent expressions for T jutice and T jyeraction become

connected by T!.. . = —TH

particle interaction
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In conclusion, although the equations become rather simple in the one special case with
which we are most concerned, this should not serve as a distraction from the successful
reintroduction of energy and momentum conservation and the necessity of reaching it via

the more general Lagrangian formulation employed.
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